The Talbot effect, also referred to as self-imaging or lensless imaging, is of the phenomena manifested by a periodic repetition of planar field distributions in certain types of wave fields. This phenomenon is finding applications not only in optics, but also in a variety of research fields, such as acoustics, electron microscopy, plasmonics, x ray, and Bose-Einstein condensates. In optics, self-imaging is being explored particularly in image processing, in the production of spatial-frequency filters, and in optical metrology. In this article, we give an overview of recent advances on the effect from classical optics to nonlinear optics and quantum optics. Throughout this review article there is an effort to clearly present the physical aspects of the self-imaging phenomenon. Mathematical formulations are reduced to the indispensable ones. Readers who prefer strict mathematical treatments should resort to the extensive list of references. Despite the rapid progress on the subject, new ideas and applications of Talbot self-imaging are still expected in the future.
Introduction
Classical image formation is most commonly associated with some type of lens, with the exception of the earliest means of imaging known to mankind, in which a periodic structure can produce self-images at certain regular distances, as was first discovered by Henry Fox Talbot [1] in 1836. By illuminating a Fraunhofer diffraction grating and a rectangular array of tiny holes with a very small white light source, behind the structures he observed a repetition of alternate color bands of complementary colors (red-green and blue-yellow) resembling the thin slits of the grating themselves at certain distances. About half a century later, in 1881, Lord Rayleigh [2] was the first to prove that this phenomenon is a consequence of the diffraction interference of highly spatially coherent (plane) waves by gratings; the color band structure observed is a manifestation of the periodicity and the shape of the grating. The alternation of complementary color bands occurs at integer multiples of z T d 2 ∕λ, called the Talbot distance, where d and λ are the grating period and the wavelength of the incident plane wave, respectively; bands with equal color patterns thus repeat at integer multiples of 2z T (the primary Talbot length).
Chronologically, the same phenomenon was later rediscovered by Winkelmann [3] , Weisel [4] , and Wolfke [5] at the beginning of the last century, as they attempted to understand grating image formation in microscopy. Many years passed until the problem was further revisited by Cowley and Moodie [6] [7] [8] [9] . In the mid-1950s, Cowley and Moodie in their pioneering work made an intensive study of the properties of the Fresnel diffraction field behind periodic objects, where they found the grating structure is replicated at multiples of a certain longitudinal distance, z T . They termed well-defined object images Fourier images, whereas the intermediate-intensity patterns appearing between Fourier image planes were called Fresnel images. These latter images received much attention in the subsequent work of Rogers [10] and especially Winthrop and Worthington [11] . The terminology "self-imaging" was introduced by Montgomery [12] and has been used together with the term "Talbot effect" in the literature since the 1970s.
In modern language, the Talbot effect is concerned with Fresnel diffraction of a coherent monochromatic wavefront that is (strictly) periodic in the transverse direction. The physics of wave propagation ensures the appearance of strict periodicity along the axis of propagation z. Montgomery [12] proved lateral periodicity to be a sufficient, but not a necessary, condition for self-imaging. In fact, it is possible to construct signals with a discrete plane-wave spectrum to exhibit self-imaging not only within the bounds of paraxial optics but also for the nonparaxial domain of propagation.
The invention of affordable coherent light sources gives the Talbot selfimaging new life. Since the 1960s, the simplicity and beauty of the effect has triggered a wave of research related to coherent optical signal processing and resulted in numerous interesting and original applications that provide competitive solutions to various scientific and technological problems. An excellent and comprehensive review article written by Patorski [13] has compiled a detailed survey of the self-imaging phenomenon and its applications to imaging processing and synthesis, photolithography, optical testing, optical metrology, and spectrometry. The survey summarized the progress made in this research area before 1990. Because of the lack of refractive (optical) elements, the effect has also received great attention in the fields of acoustics, x-ray diffraction, electron optics, and electron microscopy. A nice account on these subjects was given by Cowley in his textbook, Diffraction Physics [14] .
As in optics, N -slit arrays can be also considered as typical examples of quantum gratings. That is, when such arrays are illuminated with a continuous, coherent wavefront, a continuous quantum flow is observable behind the slits. This flow displays a typical pattern called quantum carpet [15] with periodicity d along the direction parallel to the plane containing the slits and 2z T along the propagation direction. Full recurrences are found at integer multiples of z T , and these recurrences are the direct analog of the color bands obtained when working with optical gratings. A recurrence that coincides with the initial state describing the diffracted system is called a revival of such a state and appears at integer multiples of z T . For even integers, the state appears exactly the same as the initial one, while for odd integers, it is shifted by half a period (d∕2) with respect to the even-integer case. Recurrences at fractions of z T consist of superposed images of the initial state with itself. Indeed, if the boundary conditions of the slits are sharp (or the window function is not differentiable at the edges of the slits), one shall observe fractal structures at irrational fractions of z T , which give rise to fractal carpets [16] . Further investigations have revealed that the Talbot effect is far more than a mere optical curiosity, in which much physics still needs to be discovered. On the one hand, the effect is one of a class of phenomena involving the extreme coherent interference of waves. On the other, these phenomena possess deep and unexpected roots in classical number theory. The number-theory properties of the phases in the effect have been proposed as the basis of a means to carry out arithmetic computations through interference. It is the quadratic phases shown in the origin of the Talbot effect that play the key role in revivals and fractional revivals [17] , curlicues [18] , and Gauss sums [19] . From this point of view, the Talbot process belongs to a broader family of phenomena exhibiting wave packet revivals [20] .
The wave nature of matter, most conspicuously revealed in interference studies like the double-slit experiment, is a paradigm of quantum mechanics. Conceptually, the simplest and most palpable matter-wave phenomenon is characterized by far-field diffraction. Yet, the collimation of a molecular beam that is significantly narrower than the diffraction angle brings a great challenge to extend the far-field schemes to objects composed of, say, several hundred thousand atoms. In contrast, near-field phenomena, especially the Talbot-Lau effect [21] , allow one to operate with particle beams of modest coherence, without the need for a spatially resolving particle detector. As such one can draw on favorable length and mass scaling properties. By exploring the Talbot lensless imaging, matter-wave interferences with heavy particles, such as Na 2 molecules [22] , Bose-Einstein condensates (BECs) [23] , and C 70 fullerene molecules [24] , have been experimentally demonstrated. Following Rayleigh's analysis, the fine detail in Talbot wave functions is also being employed in atom lithography. A noticeable and active research field using Talbot self-imaging with (ultra-)cold atoms/molecules has led to the promising application of atom lithography. For details on this subject, we refer the reader to a very recent review [25] .
The well-known duality between the paraxial diffraction of optical beams in space and the temporal distortion of narrowband pulses in dispersion media has been widely explored to propose and create temporal analogs of spatial systems. The temporal counterpart of the Talbot effect occurs as a periodic temporal signal (for instance, a stream of short optical pulses) propagates through a dispersive medium under first-order dispersion conditions. The temporal integer Talbot effect was first described by Jannson and Jannson [26] , who proposed using the effect for the transference of information contained in periodic signals along an optical fiber. In that work they found the fiber distances at which an input periodic signal is exactly replicated. Since then the temporal Talbot effect has attracted considerable interest [27] [28] [29] [30] [31] [32] . One motivation comes from the fact that the phenomenon is capable of multiplying the repetition rate of periodic pulse sequences without affecting the individual pulse features (such as temporal profile and duration). Generation of optical pulse trains with ultrahigh repetition rate is of great interest for future ultrahigh-rate optical communications and optical computing systems, ultrafast data processing, and other scientific areas.
The scope of self-imaging was dramatically expanded by the study of Fresnel diffraction of periodic signals at rational fractions of the Talbot self-imaging period. Namely, the work by Winthrop and Worthington [11] identified Fresnel images, i.e., the diffraction patterns at so-called fractional Talbot planes, as cases where the Fresnel diffraction integrals can be cast into simple analytic forms. Subsequent investigations further simplified the analytic expressions, culminating either in a discrete matrix formulation [33] [34] [35] of near-field diffraction (which relates the amplitudes of sampled periodic signals in different fractional Talbot planes via linear transformations [36] [37] [38] ) or in a reciprocal vector theory [39, 40] . Interest in studying the fractional Talbot effect was greatly increased by the invention of the Talbot array illuminator [41] [42] [43] [44] , a diffractive optical element to convert a homogeneous wavefront to an array of high equal-intensity spots. Such a device is a phase grating that, under coherent plane-wave illumination, gives rise to 100% modulated, square-wave fields and irradiance patterns solely through Fresnel diffraction. Talbot array illuminators are well suitable to serve as optical interconnects because they are near 100% efficient and are easier to design and fabricate than other interconnection methods, say, Dammann gratings. Another interesting formulation on self-imaging is developed in phase space through, namely, the Wigner distribution function. Self-imaging in phase space was first studied by Ojeda-Castaneda and Sicre [45] , who considered both the Talbot effect and the Lau effect. The phase-space analysis was later extended to include the fractional Talbot effect [46] and the design of Talbot array illuminators [44] . A good account of the subject is a review by Testorf et al. in [47] .
Work on the Talbot effect is indeed very diverse and has resulted in a long list of publications that run the gamut from reports of its experimental realizations, to discussions of its fundamental physics, to suggestions for implementation variations dictated by practical considerations. Let us begin our review by summarizing its recent advances in classical optics, nonlinear optics, and quantum optics. The present review focuses on the "light optics" Talbot effect, a process in which the object is inserted into a light beam. It can be of an amplitude or phase type or, in general, have a complex amplitude transmittance. This approach, which requires an object at the initial plane, might seem to restrict the scope of these considerations, since some other phenomena exploiting or closely related to self-imaging cannot be treated directly in this way. These include the self-image phenomena in waveguides [48] [49] [50] [51] [52] and the general problem of spatial periodicities of light fields [53, 54] .
Our goal is to provide a compact overview of the fundamentals of optical Talbot self-imaging, using Fourier optics [55] as the framework for analysis and comparison. We begin, in Section 2, by establishing theoretical and new applicational aspects of the Talbot effect in the conventional configuration, that is, the property of the Fresnel diffraction field of some objects illuminated by a spatially coherent light beam. The paraxial approximation is assumed in most of the cases. In reviewing recent progress on self-imaging in classical optics, we focus on new proposals and demonstrations with plasmons, metamaterials, waveguides, and x rays. Theoretical analysis on the effect in waveguides follows the guided-mode propagation model. Section 3 is devoted to recent observations of self-imaging in nonlinear optics. They are summarized in four groups, namely, the integer nonlinear Talbot effect, the fractional nonlinear Talbot effect, the nonlinear Talbot array illuminator, and enhancement of two-wave mixing (TWM) in photorefractive materials.
In Section 4 the applications of the Talbot effect in quantum optics are described. In comparison with previous sections in which the measurements are involved only with first-order optical coherence, this section introduces the second-order Talbot effect, where self-images are formed from second-order correlation measurements. In particular, we consider the Talbot effect with entangled photon pairs and review the phenomenon in the configurations of quantum ghost imaging and quantum lithography from both the theoretical and experimental viewpoints. In addition, we introduce a recent proposal of imaging (ultra-)cold atoms/ molecules with the electromagnetically induced Talbot effect.
Finally, we conclude our review with a very brief summary in Section 5.
Talbot Effect in Classical Optics

Basic Theoretical Considerations
The Talbot effect, also referred to as self-imaging or lensless imaging, was originally discovered by Talbot more than 170 years ago [1] . Over the years, investigators have come to understand different aspects of this phenomenon, and a theory of the Talbot effect based upon classical diffraction theory [2, [6] [7] [8] [9] [10] [11] [12] [13] has emerged that is capable of explaining various observations. Since many of the standard optics textbooks do not even mention the effect, it is worthwhile to bring to the reader's attention the essential features of this fascinating phenomenon.
As mentioned in Section 1, the effect is observed when, under appropriate conditions, a beam of light is reflected from (or transmitted through) a periodic pattern. The pattern may have one-dimensional (1D) periodicity (as in traditional gratings), or it may exhibit two-dimensional (2D) periodicity (e.g., a regular lattice). For simplicity, we choose a 1D periodic object to illustrate the effect. A typical setup of observing the effect is schematically depicted in Fig. 1 , where an infinitely extended grating is illuminated with a monochromatic, coherent plane wave of wavelength λ. In Fourier optics, such an object can be represented as
where d is the spatial period and c n is the amplitude of the nth harmonic. Without specifying the detailed form of Fourier coefficient c n , the present analysis is suitable for any type of periodic object.
According to the Fresnel-Kirchhoff diffraction theory [55] , the diffracted field amplitude EX is defined in terms of the amplitude transmission of the object Ax and the coherent amplitude of the source Sx s . Here, X , x, x s are Cartesian coordinates in the observation, object, and source planes, respectively. In the paraxial approximation, the diffracted amplitude EX takes the form of
where z 1 is the propagation distance between the object and the source, and z 2 the distance from the object to the observation plane. For a plane-wave The optical Talbot effect for a monochromatic light, shown as a "Talbot carpet." On the left of the figure the light can be seen diffracting through a grating, and this exact pattern is reproduced on the right of the picture (one Talbot length away from the grating). Halfway between each edge and the middle, one sees the image shifted to the side, and at regular fractions of the Talbot length the subimages are clearly seen.
illumination, the diffraction amplitude EX at a distance z from the object is proportional to
The integration is performed over the infinite boundary on the object plane. Substituting Eq. (1) into Eq. (3) yields
The first exponential term is called the localization term [13] , since it states the phase changes of the diffraction orders with the axial distance z. At a certain distance z, all diffraction orders are in phase and reinforced by satisfying the condition
where m, a positive integer, is referred to as the self-imaging number. In these planes, the Fresnel diffraction images with maximum contrast are constructed and the object function is reproduced. These images are also called Fourier (self-)images by Cowley and Moodie [6] [7] [8] [9] . Note that the factor of 2 in Eq. (5) can be omitted. As such, when m is an odd integer, we can speak about object images with half a period lateral shift with respect to the object. These images result from the π phase shift of odd-number diffraction orders with respect to the zero-and even-order number orders. Now, for m 1,
∕λ is the Talbot length for the secondary Talbot image, and 2z T is for observing the primary Talbot image; see Fig. 1 . The fractional Talbot images appear at all rational multiples of z T , namely, z p∕qz T , where p and q are coprime integers. Within each unit cell of the imaging plane, these fractional Talbot images consist of q equally spaced copies of the transmission function of the grating, which superpose coherently as they overlap. In Fig. 1 , as an example we mark the fractional Talbot images at distances of z T ∕3 and 3z T ∕2. The second exponential term in Eq. (4) tells the lateral magnification M of the diffraction patterns, which is 1 for the plane-wave illumination.
For a Gaussian beam illumination, the condition for the occurrence of the self-imaging becomes
where w 0 denotes the initial waist radius and w z w 0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 1 λz∕πw 
As seen from Eq. (7) the fundamental difference between self-images under uniform and Gaussian beam illumination is that, in the latter case, there exists a lateral magnification due to the properties of the Gaussian beam. Equations (6) and (7) tell that, under Gaussian beam approximation, the Talbot lengths and the lateral magnification are z dependent, and they are not a linear function of z.
The applications of the Talbot effect are very diverse. Besides the applications described in Section 1, the effect has also been explored to build the Talbot cavity for the coherent combining of output from multiple laser diodes arranged in an array. It is generally constructed with a single mirror at half the Talbot distance from the output facet of the laser array. This images the near-field image of the array back onto the array itself at the primary Talbot distance, creating optical feedback. As such, the feedback forces the diode lasers in the array to mode lock. Laser Talbot cavities, which permit phase locking of laser arrays, are particularly useful for semiconductor lasers [56] [57] [58] . We also notice that there is extensive research on grating interferometry in the literature. Since Patorski in his 1989 work [13] gave an excellent review on that, we decide not to repeat it here. Interested readers please refer to [13] and the references therein.
An emerging and interesting alternative to Fourier optics is phase-space optics.
Forged by the marriage of joint time-frequency analysis and the phase-space formalism of quantum mechanics, phase-space optics is a platform for describing ray optics, radiometry, coherent Fourier optics, and coherence theory with a single consistent framework. Since the pioneering work by Ojeda-Castaneda and Sicre [45] , theoretical analysis on self-imaging in phase space has been extensively addressed through the Wigner distribution function in the literature (for a review, see [47] ). We remark here that not all optical phenomena find a natural interpretation in phase space. Due to the strict periodicity of the signals and the discreteness of the Wigner distribution function at its coordinates, however, selfimaging is exceptionally well suited to be analyzed in phase space. The use of phase-space optics not only gives a quantitative analysis but also provides another qualitative and intuitive interpretation on the phenomenon. Since this phase-space formulation is different from the treatments used in this article, we suggest that interested readers refer to the literature for details on the subject.
Advances in Plasmons and Metamaterials
Surface plasmons (SPs) are coherent electron oscillations that are formed at the interface between any two materials where the real part of the dielectric function changes sign across the interface (e.g., a metal sheet in air). SPs have lower energy than bulk (or volume) plasmons, which quantize the longitudinal electron oscillations about positive ion cores within the bulk of an electron gas (or plasma). When SPs are coupled with a photon, the resulting hybridized excitation is called a surface plasmon polariton (SPP). This SPP can propagate along the surface of a metal until its energy is dissipated via absorption in the metal or radiation into free space. Recent research shows that SPPs are also capable of realizing the Talbot effect. Prompted by advanced nanofabrication technologies, although the research on the plasmon Talbot effect started only a few years ago, it has already generated many interesting results. Theoretical proposals on observing plasmon self-imaging are made with metallic/dielectric materials associated with drilled holes, metallic dots, dielectric dots, and metal waveguide arrays [52, [59] [60] [61] . The first experimental demonstration of the plasmon Talbot effect was performed with a gold grating [62] . Later, the plasmon Talbot effect was observed with the use of Au cylindrical nanostructures [63] .
2.2a. Theoretical Proposals
The concept of the plasmon Talbot effect was first suggested by Dennis with his colleagues in 2007 [59] . The analog of the Talbot effect using SPs can be made as follows. Suppose a plane-wave light is incident from the back of a metal film, planar except for a periodic one-dimensional array of nanoholes or other subwavelength structures with a period d. The light is partially converted into plasmons on the exit surface of the film and generates a complex carpet pattern. To compute the complex pattern, the field from each nanohole is considered as a dipole, oscillating with a frequency corresponding to the incident light with a wavelength λ. The oscillation drives SPs with a propagating wavelength λ SP λ∕Real ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi ε∕1 ε p , where ε is a frequency-dependent dielectric function of the metal. The ideal plasmon Talbot field comes from an infinite sum of single dipole fields. Mathematical calculations [59] give the Talbot In 2009 Maradudin and Leskova [60] further theoretically analyzed the SPPs scattered by a row of metallic or dielectric dots deposited on a planar silver substrate. On the basis of an impedance boundary condition, their numerical simulations revealed that the transmitted field displayed self-imaging of the rows of dots when the period of the structure was much larger than the plasmon wavelength, a similar condition first addressed in [59] . As illustrated in Figs. 3(b) and 3(c), plasmon Talbot carpets are well developed on a silver surface with a row of silicon dots with a spacing period b 10λ SP and b 20λ SP , respectively. However, for b λ SP , only periodic intensity patterns are formed.
Based upon the mode solutions for homogeneous media, Niconoff et al. [61] developed a more general treatment to describe the SPP modes and applied it to analyze the plasmon Talbot self-imaging. Another interesting proposal was made about the discrete plasmonic Talbot effect in metal waveguide arrays [52] . We shall discuss this work in detail in Subsection 2.3.
2.2b. Experiments on the Plasmon Talbot Effect
The first plasmon self-imaging experiment [62] was performed by Zhang and his coauthors using SPP launching gratings (SPPLGs). Figure 4 (a) illustrates the schematic of the SPPLG, which is composed of periodic grooves located on a gold film with length a, width w, and period d. The figure of merit to quantify the SPPLG is defined by the "opening" ratio, α a∕d. In the experiment in [62] , a y-polarized laser beam normally illuminated the SPPLG, and the SPPs were launched at the grooves by deploying a Talbot carpet. The SPPLGs were fabricated by a focused ion-beam milling system on a 50 nm thin gold film thermally evaporated onto a glass substrate. The exciting wavelength was 830 nm, which led to an SPP wavelength of 814 nm. Figure 4 (b) shows part of the scanning electron micrograph of the SPPLG with d 6λ SP and α 1∕2. The Talbot carpets were detected by a leakage radiation microscopy (LRM) system.
In the experiment, the researchers fabricated two SPPLGs with periods of 3λ SP and 6λ SP , and the numbers of periods were 20 and 16, respectively. The opening ratios were set as the same, α 1∕2. The experimental results are shown in Figs. 5(a) and 5(b), respectively. It is obvious to see that the transversal and 
For the SPPLG with d 3λ SP and α 1∕2, only the 0th-and 1st-order beams can propagate to the far-field region. Thus, the longitudinal period is determined by the repeating length of the 1st-order beams, z 1 17.5λ SP 14.2 μm, which coincides with the experimental result of 14.2 μm obtained by the Fourier transformation of the longitudinal intensity distribution in Fig. 5 (a). In the case of d 6λ SP and α 1∕2, the 0th-, 1st-, 3rd-, and 5th-order beams can all be observed in the far field. These repeating lengths do not generally coincide with each other. In the experiment, Zhang et al. measured the Talbot distance z t 30z 5 54.6 μm, close to 9z 3 54.6 μm and z 1 58.2 μm. ∕λ, respectively. We should remark that the paraxial approximation is also invalid in the current case. Figure 5 (c) shows a good agreement between the experimental and theoretical intensity profiles at z t ∕2. A similar plasmonic Talbot carpet experiment was independently implemented by Cherukulappurath et al. in a row of Au cylindrical particles [63] . In their experiment, the incident SPP propagated toward the nanoparticle array from the left toward the right. Part of the light was transmitted through the nanostructures, while the rest was reflected toward the incidence direction. The left side of the array exhibited certain high-intensity regions due to the interference of the incident and the reflected SPPs. The white dashed lines represented the approximate positions of the nanostructures. The near-field interaction of different diffraction orders created a complex Talbot pattern close to the structures; see Fig. 6 . The Talbot pattern developed to several micrometers away from the nanostructures and eventually faded away due to the absorption in the metal. The authors also observed plasmonic hot spots of lateral dimension close to λ∕4. Such highly confined focal spots may find applications in nanoscale plasmonic devices.
2.2c. Theoretical Proposal on Metamaterials
Metamaterials are artificial materials engineered to have properties that may not be found in nature. With designed periodic patterns, metamaterials are assemblies of multiple individual elements fashioned from conventional microscopic materials, such as metals or plastics. Metamaterials gain their properties not from their composition, but from their artificially designed structures. Their precise shape, geometry, size, orientation, and arrangement affect not only the wavefronts of light or sound in an unconventional manner, but also allow them to possess properties that are impossible with conventional materials. These metamaterials achieve desired effects by incorporating structural elements of subwavelength sizes, i.e., features that are actually smaller than the wavelength of the waves they affect.
In a conventional optical material, evanescent waves generally decay exponentially, and hence, no Talbot self-imaging happens if the period of the object is much smaller than the incident wavelength [for example, see Fig. 2(a) , where the structure period is equal to the wavelength]. In metamaterials, however, the situation changes dramatically, since evanescent waves can be converted back to propagating waves and be collected in the far field. Taking advantage of this property, Zhang et al. [64] recently theoretically proposed the super Talbot effect in an anisotropic metamaterial, as the period is much smaller than the input wavelength. This type of anisotropic material is called an indefinite metamaterial because the permittivity components have different signs. Unlike the plasmon Talbot effect discussed in the previous subsection, the super Talbot self-imaging is based upon bulk plasmons without diffraction limit.
Because the wavelength λ 0 is much larger than the period D, the paraxial approximation is no longer applicable here. To calculate the Talbot distance, let us consider a 2D indefinite metamaterial, as shown in Fig. 7(a) , where a TM plane wave with a wavelength of λ 0 630 nm propagates along the z axis. The period of the grating is D 100 nm, and the duty cycle is 50% (i.e., d 50 nm). The light propagation after the input grating structure can be cast in Fourier series as
where k x nq x 2nπ∕D and k z are the wave vectors in transverse direction x and propagation direction z, and they obey the dispersion relation
with the wavenumber in free space k 0 2π∕λ 0 . Note that Eq. (10) assumes the nonmagnetic material. Plugging Eq. (10) into Eq. (9) yields Under the long wavelength approximation, λ 0 ≫ D, the above equation can be further simplified as
From Eq. (11) it is not difficult to obtain the primary Talbot distance in a 2D indefinite metamaterial,
which depends only on the permittivity components of the metamaterial and the input object period.
In comparison, Fig. 7(b) gives the case in a conventional material where no Talbot self-imaging is observable. Yet, in an indefinite metamaterial with ε z −1 and ε x 1 the Talbot carpet appears in Fig. 7(c) , which was numerically simulated by using a finite-difference time-domain (FDTD) method.
We remark here that the work in [64] focused on indefinite metamaterials. However, one may apply the theory developed above to analyze other types of metamaterials, such as negative refraction index materials. We leave this problem as an exercise for interested readers.
Advances in Waveguides
The history of the research on the Talbot effect in waveguides could be dated back to the pioneering work by Bryngdahl [65] and Ulrich [48, 66] . In the literature, the study of the Talbot effect in waveguides before 2005 was mainly focused on multimode interference (MMI) devices based on selfimaging. The principle and applications of MMI devices have been overviewed by Soldano and Pennings [49] . The recent experimental demonstration on the discrete Talbot effect in waveguide arrays shapes the research direction and opens a door for new applications in integrated optics. In this subsection, we will briefly review the MMI effect and then concentrate on the discrete Talbot effect.
2.3a. Multimode Interference Effect
In multimode waveguides, self-imaging due to MMI happens as an input profile is reproduced in single or multiple images at periodic intervals along the propagation direction of the guide. Figure 8 illustrates the evolution of an input field Ψ y; 0 along the propagation z direction in a multimode waveguide. As we can see, under certain conditions, the direct and mirrored single images of Ψy; 0 are formed by interference at distances z that are, respectively, even and odd multiples of the Talbot length (3L π ). Here, L π is the beat length of the two lowest-order modes in the waveguide. Multiple images (or fractional self-images) are formed at rational Talbot lengths. The direct and mirrored single images can be exploited in bar and cross couplers, respectively.
Unlike the Talbot effect in free space, which originates from the periodicity of the input field, the Talbot self-imaging in multimode waveguides is due to the relevance of the propagation constants. To show the mechanism behind this, let us consider a guided field Ψ y; 0 propagating along a step-index multimode ridge waveguide in the z direction (Fig. 8 ). The waveguide with width W M , ridge refractive index n r , and cladding refractive index n c , supports m lateral modes with mode numbers v 0; 1; …; m − 1 at a free-space wavelength λ 0 . The lateral wavenumber k yv and the propagation constant β v are related to the ridge index n r through the dispersion equation
with k 0 2π∕λ 0 and k yv v 1π∕W ev . Here the "effective" width W ev includes the (polarization-dependent) lateral penetration depth of each mode field and the Goos-Hänchen shifts at the ridge boundaries. For high-contrast waveguides, the penetration depth is usually very small so that W ev ≃ W M . In general, the effective widths W ev can be approximated by the effective width W e0 of the fundamental mode,
where σ 0 for TE mode and σ 1 for TM. By using the binomial expansion with k yv ≪ k 0 n r , the propagation constants β v can be deduced from Eqs. (13) and (14):
Equation (15) shows that the propagation constants in a step-index multimode waveguide are a nearly quadratic function of the mode number v. By defining the beat of the two lowest-order modes as
the propagation constants spacing can be recast as Illustration of the Talbot effect in a multimode waveguide for an input field Ψy; 0. Along the propagation, one would observe, respectively, a mirrored single image at 3L π , a self-image at 2 × 3L π , and twofold images at 3L π ∕2 and 9L π ∕2.
By following the guided-mode propagation analysis, the input field Ψ y; 0 can be decomposed into the modal field distributions ψ v y of all modes. The field profile at a distance z can thus be represented as a superposition of all these guided mode field distributions, that is
where c v is the excitation coefficient for the v-th mode. By choosing the phase of the fundamental mode as a common factor out of the sum and dropping it, the field profile Ψy; z then becomes
where Eq. (17) has been applied to derive the second equality. Equation (19) is the essential result for the interpretation of the self-imaging in a multimode waveguide. From the phase term in Eq. (18) it is not difficult to find that, under certain circumstances, the field Ψy; z will be a replica (or self-image) of the input field Ψ y; 0. For instance, as z p 3L π with p an integer, direct and mirrored single images of the input field Ψy; 0 are formed at distances z, as shown in Fig. 8 . Many photonic devices based on the MMI effect have been proposed and developed, such as modulators, switches, outcoupling elements of ring lasers, and so on. By exploring the MMI effect in multimode waveguides, a self-imaging silicon Raman amplifier [51] has also been recently proposed.
2.3b. Discrete Talbot Effect
In a weakly coupled waveguide array, the discrete Talbot effect has been demonstrated by Iwanow et al. in a recent experiment [50] . Thanks to the unique optical properties in discrete systems, the observed discrete Talbot effect exhibits distinguishing characteristics from continuous systems: (1) the Talbot revivals are possible only for a finite set of periodicities, and (2) the Talbot length is independent of the input period but depends on the coupling coefficients of waveguide arrays.
Before we turn to the experiment [50] , let us briefly outline the theoretical analysis on the discrete Talbot effect. In an infinite array of weakly coupled discrete elements (such as optical waveguides and coupled microcavities), the modal electric-field amplitudes evolve according to
where κ denotes the coupling coefficient between elements, and z stands for propagation distance. The solutions of Eq. (20) are periodic Floquet-Bloch-like functions, i.e., U n e inQ e iλz , where Q is a phase shift among successive sites and λ 2κ cos Q is an eigenvalue. To ensure that the Talbot effect takes place, the input field profile should be periodic, and this leads to a periodic boundary condition, U nN U n , with N the spatial period of the input. Such a periodic boundary condition requires that Q take values only from the discrete set Q mθ with θ 2π∕N and m 0; 1; …; N − 1. Hence, as a result of periodicity, the
To establish the identity, λ i ∕λ j p∕q for any two eigenvalues has to be satisfied with p and q coprime integers. This further requires that cos2π∕N be rational for some N . With the use of Chebyshev polynomials, after some deductions one can prove that discrete Talbot revivals are possible only for a finite set of periodicities N ∈ f1; 2; 3; 4; 6g, where N 1 represents the trivial case of a discrete plane-wave solution. For any other periodicity, the field evolution is nonperiodic. This finding is in contrast to what happens in the continuous Talbot case, where the recurrences are period independent. Of course, for specific periodic inputs it is possible to reveal revivals even when N does not fall into the set described above. Figure 9 shows the theoretical simulations of the discrete Talbot carpet with different inputs. Figure 9 (a) depicts periodic intensity revivals as the binary input is f1; 0; 1; 0; …g. The intensity Talbot carpet for this case gives the discrete Talbot distance z π∕2κ. If the array is excited at an angle, the binary input is then phase shifted according to fe iϕ ; 0; e 3iϕ ; 0; …g. The discrete Talbot period now changes to z π∕2κ cos ϕ. As ϕ → π∕2, the Talbot revivals slow down and eventually disappear; see Fig. 9 (b). Figure 9 (c) gives another Talbot intensity carpet as the input periodic pattern f1; 0; 0; 1; 0; 0; …g with a 
The experimental demonstration [50] was performed in a channel waveguide array, which was fabricated on a Z-cut LiNbO 3 wafer with use of the standard lithography and Ti indiffusion techniques. The spacing between two neighboring channels was 15 μm. A tunable diode laser was reshaped to be highly elliptical (500 μm × 3.5 μm) and was focused by a 10× objective onto the input facet of the array sample. Amplitude transmission masks were put in contact with the sample for clean in-phase mode excitation. Because of the sample's excellent linear properties (low scattering), it is very difficult to observe the effect from the top. The indirect observation of the Talbot process at the output of the array was possible by varying the wavelength (and hence the coupling length) over the full spectral range of the laser (1456-1584 nm). This change in coupling strength along with wavelength is, in fact, equivalent to varying the effective sample length. Their experimental results corresponding to the periodic f1; 0; 1; 0; …g, f1; 0; −1; 0; …g, and f1; 0; 0; 1; 0; 0; …g inputs are, respectively, shown in Figs. 10(a)-10(c). As we can see, the experimental data agrees well with theoretical simulations shown in Figs. 9(a)-9(c).
With the development of plasmonics, Wang with his colleagues proposed to observe the discrete plasmonic Talbot effect in the sub-wavelength metal waveguide arrays [52] . Using PT-symmetric photonic lattices, in a recent theoretical proposal [67] Ramezani et al. showed that Talbot self-imaging revivals are possible for input patterns with periodicities dictated by the discreteness of the lattice and the strength of gain and loss parameters.
Advances in X Ray
Because of its relatively poor coherence, the realization of x-ray self-imaging turns out to be a challenging task. Despite the lack of effective optics for x rays, lensless Talbot interferometry provides a powerful tool for obtaining highquality x-ray imaging. With the third-generation synchrotron radiation beams, the first Talbot self-imaging with hard x ray was realized in the 10 −11 m wavelength range 15 years ago [68] . Recent progress on x-ray phase imaging by grating interferometers has attracted considerable attention in the community. One reason is because the use of gratings as optical elements in hard x-ray phase imaging can overcome problems that so far impair the wider use of phase contrast in x-ray radiography and tomography. In this subsection, we will focus on recent experimental demonstrations on x-ray Talbot interferometers [69] [70] [71] [72] [73] [74] [75] [76] .
Other work, such as that concerning phase contrast imaging of terahertz photonpolaritons [77] and the electron Talbot interferometer [78] , will not be considered here. We suggest that interested readers refer to the references for details.
2.4a. Two-Grating Interferometer
As schematically shown in Fig. 11 , an x-ray Talbot interferometer typically consists of a phase grating (G 1 ) and an absorption grating (G 2 ). After the first grating G 1 , the incident beam forms a periodic interference fringes in the plane of G 2 . A phase object in the incident beam would induce phase perturbations into the wavefront and lead to displacements of these interference fringes. The absorption grating G 2 , with the same period and orientation as the interference fringes, is placed in front of the detector to transform local fringe position into signal intensity variation. By detecting these displacements, one can reconstruct the shape of the wavefront and generate the image. For instance, for a phase grating G 1 with a phase shift of π, the period of G 2 should be half of the period of G 1 . To achieve the maximal contrast, the distance d between the two gratings should satisfy the condition
Such a two-grating interferometer has recently become a workhorse for x-ray phase-contrast imaging to yield dark-field scatter images with high quality [69] [70] [71] [72] [73] . In these demonstrations, biological samples, polymers, and fiber composites with small refractive indices have been clearly revealed through such an Figure 10 Experimental verifications on theoretical discrete Talbot revivals shown in Fig. 9 with input fields of (a) f1; 0; 1; 0; …g, (b) f1; 0; −1; 0; …g, and (c) f1; 0; 0; 1; 0; 0; …g. interferometer. As shown in Fig. 12 , Pfeiffer with his coauthors [73] obtained details of the internal structure of a small spider that would be difficult to access with other techniques. In this work they achieved spatial resolution of up to a few micrometers. Another interesting experiment led by Momose et al. [72] was to image a mouse tail. As shown in Fig. 13 , the bones and soft tissues [such as skin, muscle, ligament, and intervertebral disc (cartilage)] are beautifully uncovered in the same view, although with some artifacts in particular caused by the remaining bones. Undoubtedly, these beautiful experiments extend the applications of self-imaging toward medical imaging and bioimaging. Schematic illustration of grating-based hard x-ray interferometer: The beam splitter grating (G 1 ) splits the incident beam into essentially two diffraction orders, which form a periodic interference pattern in the plane of the analyzer grating (G 2 ). A phase object in the incident beam causes slight refraction and leads to changes of the locally transmitted intensity through the analyzer. G 1 is usually a phase grating with a period of p 1 , and G 2 is an absorption grating with a period of p 2 . The separation between the two gratings is d. Reproduced with permission, © 2005. Optical Society of America [73] .
2.4b. Three-Grating Interferometer
The two-grating Talbot interferometer indeed advances x-ray phase-contrast imaging for medical and industrial applications. However, these applications are still limited due to weak absorption of x ray in biological tissues and polymers. To further enhance the signal-to-noise ratio and image quality, Pfeiffer with his colleagues placed another grating after the x-ray source and set up a three-grating interferometer for low brilliance hard x-ray phase-contrast imaging [75, 76] . Figure 14 illustrates the setup configuration of a three-grating x-ray interferometer. In comparison with the two-grating system (Fig. 11) , the major difference is that a transmission grating G 0 with a period of p 0 is inserted after the source. G 0 serves as a source grating to create an array of individually coherent but mutually incoherent line sources. The distance between G 0 and G 1 is l. To ensure the line sources interfere constructively, the following condition must be satisfied:
The grating G 1 can be either a phase grating or a transmission grating. One advantage of the three-grating interferometer setup is that it allows efficient use of standard x-ray generators with source sizes of more than a square millimeter.
In 2006, Pfeiffer and his colleagues applied the three-grating x-ray interferometer (where G 1 is a transmission grating) to a biological object, a small fish (Paracheirodon axelrodi) and performed differential phase-contrast imaging [75] . Their experimental result in comparison with the conventional x-ray transmission image is shown in Fig. 15 . Since both images [Figs. 15(a) and 15(b)] were extracted from the same dataset, the total exposure time, and thus the dose delivered to the sample, was identical for the two cases. As expected, the skeleton of the fish and other highly absorbing structures are clearly visible in the conventional radiograph [Figs. 15(a) and 15(e)]. However, the different constituents of the eye are hardly visible in the conventional absorption image shown in Fig. 15(g ). In the corresponding differential phase-contrast image [ Fig. 15(h) ], they are clearly visible. The differential phase-contrast image shown in Fig. 15 (f) also reveals complementary details of the soft tissue structure surrounding the otoliths, whereas only the highly absorbing structures are visible in the corresponding transmission image [ Fig. 15(e) ]. They further Figure 13 Phase tomogram of a mouse tail observed by an x-ray Talbot interferometer with p 1 p 2 8 μm, λ 0.04 nm, and d p 2 1 ∕2λ. In this experiment, G 1 is a π∕2 phase grating. Copyright 2006. The Japan Society of Applied Physics [72] .
observed that smaller structures with higher spatial frequencies, for example, the fine structure of the tail fin, are better revealed in the differential phase-contrast image [ Fig. 15(d) ] than in the corresponding absorption radiograph [ Fig. 15(c) ].
In 2008, the same group implemented another x-ray dark-field scatter imaging by setting up a three-grating interferometer, in which G 1 was a phase grating [76] . In the experiment, they applied the method to a chicken wing and showed the potential for improved contrast in medical imaging. Figure 16(a) gives the conventional transmission contrast and Fig. 16(b) gives the dark-field contrast. By comparing Fig. 16(a) with Fig. 16(b) , it is obvious that the boundaries and interfaces produce a stronger signal in the dark-field image. Moreover, from the dark-field image one can clearly see highly porous and strongly scattering microstructures in the chicken bones.
Talbot Effect in Nonlinear Optics
The extension of the Talbot effect to nonlinear optics is relatively new and has not been much explored. Currently, two kinds of nonlinear optical processes are involved with the Talbot effect experimentally: second-harmonic generation (SHG) and two-wave mixing (TWM). The second-harmonic (SH) Talbot effect [79] [80] [81] [82] was observed in periodically poled LiTaO 3 (PPLT) crystals, where the sign of the second-order nonlinear optical coefficients χ 2 has a periodic distribution due to the reversal of the ferroelectric domains, i.e., χ 2 in positive domains and −χ 2 in negative domains. Unlike the case in linear optics, the Configuration of a three-grating x-ray interferometer for hard x-ray phase imaging. SH Talbot effect presents a self-image of χ 2 rather than the refractive index n. Another effort is made to enhance the TWM gain in a stack of photorefractive liquid crystals valves [83] . Such an enhancement can be attributed to the effect of amplifying the modulation depth of the interference pattern and a phase shift between the refractive index gratings over successive cells. In this section, we will review recent developments in these two different directions.
Integer Second-Harmonic Self-Imaging
PPLT crystals are important nonlinear optical materials because they offer efficient frequency conversion through the quasi-phase-matching technique. In these manmade crystals, the second-order nonlinear coefficients near the domain walls are different from those inside the domains due to the lattice distortion. Therefore, the generated SH pattern at the sample surface possesses the same periodic structure as the domains within the PPLT crystal. The prerequisite condition of the Talbot effect is thus easily satisfied. Compared to the Talbot effect in linear optics, a number of distinct characteristics are revealed in the newly discovered SH Talbot effect. For example, the self-images are produced by the SH waves rather than the fundamental waves, no real grating object is used, and the spatial resolution is improved by a factor of 2 due to frequency doubling.
The experiments were performed in 1D and 2D PPLT crystals by Zhang with his colleagues in 2010 [79] . In this experiment, the fundamental input pump laser with a wavelength of 800 nm propagated along the z axis of the crystals. Figure 17 (a) shows the domain structure of the 1D PPLT crystal with a period of 8 μm and a duty cycle of ∼50%. The SH Talbot length for such a 1D structure is calculated to be z T 4d 2 ∕λ p , where d is the structure period and λ p the input wavelength. Figures 17(b) and 17(c) are the observed self-images at the first and the third Talbot planes, respectively. The bright SH fringes are generated inside the domains, while the dark lines correspond to the domain walls. The width of the domain wall measured from the images was around 1 μm. The image quality becomes worse at high-order Talbot planes, because of more losses of the diffracted field. As pointed out in [79, 80] , different from the conventional self-images discussed in Section 2, the demonstrated SH Talbot effect is due to the interference of diffracted SH beams in such a way that the periodic intensity patterns of the generated fields at the output surface of the PPLT crystals can be reconstructed after propagating multiples of a certain longitudinal distance. The physics behind this type of nonlinear Talbot effect can be visualized as two consecutive optical processes. The first one is the nonlinear parametric process within the material. In this process, parametric light is produced and because of periodic domain-structure necessity for the phase-matching conditions, the intensity of the generated light follows the same periodicity at the output surface of the material. It is this periodic intensity pattern that forms the "periodic object" for the nonlinear self-imaging. In the first process, since the parametric conversion is a coherent process, the self-images can be used only for imaging the sample surface. From this point, one may argue that it would be difficult to perform 3D imaging with such a nonlinear Talbot effect to examine the whole structure of the sample. However, it is possible to implement 3D imaging by setting up a Talbot interferometer. The second process is the free-space propagation of the generated nonlinear signal. By understanding the physics behind the nonlinear Talbot effect, it is not difficult to conclude that the effect falls into the theoretical analysis presented in Subsection 2.1.
Fractional Second-Harmonic Self-Imaging
The fractional SH Talbot effect was also characterized and reported by Zhang and co-workers [79, 81] . By using a 2D PPLT crystal with the same structure described above [see Fig. 18(a) ], the fractional self-images at 1∕N (N 2, 3, and 4) Talbot lengths were experimentally recorded and are shown in Figs. 19(a)-19(c) , respectively. In comparison with the integer case shown in Fig. 18 , the fractional SH Talbot effect exhibits more interesting and To interpret the observed fractional SH self-imaging, Chen et al. [81] applied both the Rayleigh-Sommerfeld diffraction theory and the modified reciprocal vector theory [39, 40] 
Second-Harmonic Talbot Illuminator
One important application of Talbot self-imaging is to produce a Talbot illuminator (TI) [41] [42] [43] [44] , which can be used in optical testing, optical computing, and multiple imaging. Very recently, a novel SH TI based on PPLN crystals was proposed by Liu et al. through acousto-optic modulation [82] . Because the domain period can be fabricated down to submicrometers and the spatial resolution can be enhanced through frequency doubling, such an SH illuminator may have potential applications in making high-density arrays.
In addition to the excellent nonlinear optical performance, PPLN crystals also have large electro-optic (EO) and acousto-optic (AO) coefficients. An EO tunable phase array based on a PPLN crystal was previously reported by Paturzo et al. in 2006 [84] . In this work, no nonlinear optics is involved. Different from [84] , however, Liu et al. [82] introduced the AO effect into the SH Talbot effect to form illuminators. In their theoretical proposal [82] , a 1D PPLN crystal of size L x × L y × L z with a period of d 40 μm was used. As shown in Fig. 20 , the input laser (red arrow) was assumed to be at a wavelength of 800 nm. By applying a radio-frequency field, the PPLN crystal can generate an acoustic standing wave (black curve), which can be resonated inside the crystal or be transduced through a transducer to modulate the phases of the SH waves. For simplicity, their work focused on the resonator case (i.e., the acoustic wave forms a standing wave inside the crystal). The refractive index of PPLN is thus periodically modulated by the acoustic wave. So is the phase of the light traveling through the crystal. The phase shift induced by the acoustic waves is defined by Δφ 2π∕λL y Δn. Δn n 3 0 P 21 S 1 ∕2 is the change of the refractive index, where n 0 is the refractive index of the PPLN, P 21 represents the involved photoelastic coefficients, and S 1 is the strain due to the acoustic wave along the x axis. By using the Raman-Nath theory, the maximal amplitude of Δφ is [82] Δφ m π λ
where M 2 is the acousto-optic figure of merit of the crystal. The power of the acoustic wave P s is related to the electromechanical coupling coefficient.
By applying different acoustic powers, the SH pattern can be continuously tuned, as shown in Fig. 21 . When the acoustic power is high enough, the SH wave is focused into a series of narrow lines, i.e., the acoustic wave can work as a group of micrometer lenses. More interestingly, if an external acoustic wave is introduced, the 1D SH illuminator can be tuned to 2D (Fig. 22) .
Enhancement of Two-Wave Mixing
Under certain circumstances, TWM (also referred as two-beam coupling) can interact in a photorefractive crystal in such a manner that the energy is transferred from one beam to the other. In the process, the TWM gain is defined as G jS out j 2 with the pump∕jS out j 2 without the pump; (23) where jS out j 2 is the intensity of the output signal. TWM can be used to amplify a weak, image-bearing beam by means of an intense pump beam. The photorefractive liquid-crystal (LC) light valve is a particularly useful device for realizing high-gain TWM in a thin film. It is a hybrid organic-inorganic cell with the substrates made of a photorefractive crystal, such as B 12 SiO 20 (BSO), and a glass plate. The photorefractive crystal acts as a photoconductive medium. When the valve is addressed optically, the BSO crystal permits modulation of the voltage across the LC as a function of light intensity. The typical response time is tens of milliseconds, which is a characteristic of the LC. The TWM in such an LC light valve leads to optical amplification in the Raman-Nath regime of diffraction.
With the help of the Talbot effect, the TWM gain can be further enhanced by use of N LC light valves [83] . Figure 23 shows a typical experimental setup for TWM with two identical valves (N 2). The first maximum G occurs at a separation of 0.75z T between the two valves, and the maximum is recursively obtained at each z T distance [ Fig. 24(a) ]. Here, z T p 2 ∕λ is the Talbot length defined as usual with the spatial period of the pattern p and the incident wavelength λ. Compared with the one-valve configuration, the gain with use of two valves has an enhancement of 2-5 times, as shown in Fig. 24(b) .
The gain increase is attributed to the Talbot effect for two reasons. First, as shown in Fig. 25 , the Talbot carpet presents amplified interference modulation with the existence of additional light valves. Second, the fractional Talbot effect also induces a π∕2 phase shift between the refractive index gratings over successive cells. This is analogous to the optimized condition in bulk photorefractive crystals, where maximum amplification of the signal intensity occurs when there is π∕2 phase shift between the interference pattern and the index grating. For the N 3 case, the maximum G happens at distances of 0.88z T between the first two valves and 0.75z T between the second and third valves.
Talbot Effect in Quantum Optics
The previous sections have been an overview of recent progress made on the Talbot effect in classical optics and nonlinear optics. One common ground arising from these two categories is that the effect explores only the first-order optical coherence. By exploring high-order optical coherence, the first (to our knowledge) theoretical proposal on the Talbot effect in quantum optics [85] was made with entangled photon pairs and considered in the framework of quantum ghost imaging in 2009. In this work, the authors also considered the selfimaging effect in the framework of quantum lithography, where they found that the Talbot length becomes twice the conventional value [86] . The work immediately attracted considerable attention and triggered further efforts on the phenomenon by considering second-order correlation function and even higher order correlation functions. Ooi and Lan [87] theoretically studied the spatial Figure 23 Experimental setup for Talbot-effect-enhanced TWM. Reproduced with permission, © 2006. Optical Society of America [83] . The SH pattern is tuned to 2D when inducing an external acoustic wave (1 W) along the direction perpendicular to the domain walls. Reproduced with permission, © 2012. Optical Society of America [82] .
interference pattern of the two-photon correlation function for a coherently phased linear array of N emitters with a double-Raman scheme, each producing nonclassically correlated photon pairs, and showed that the N 2 dependence in the two-photon correlation serves as a coherent amplification method for producing intense nonclassical light. The spatial distribution of the correlation can be controlled by lasers and depends on the detection configuration. TorresCompany with his colleagues [88] theoretically analyzed the self-imaging Talbot effect of entangled photon pairs in the time domain and found rich phenomena appearing in coherence propagation along dispersive media of modelocked two-photon states with frequency entanglement exhibiting a comblike correlation function. Poem and Silberberg [89] considered the propagation of classical and nonclassical light in multimode optical waveguides and focused on the evolution of the few-photon correlation functions, which, much as the light-intensity distribution in such systems, evolve in a periodic manner, [83] . culminating in the "revival" of the initial correlation pattern at the end of each period. They found that, when the input state possesses nontrivial symmetries, the correlation revival period can be longer than that of the intensity, and thus the same intensity pattern can display different correlation patterns. Wu's and Wang's groups further performed some experiments on the second-order Talbot effect with both pseudo-thermal light [90, 91] and entangled photon pairs [92] .
A Bose-Einstein condensate (BEC) is a state of matter of a dilute gas of bosons (e.g., atoms or molecules) cooled to temperatures very near absolute zero (0 K or −273.15°C). Under such conditions, a large fraction of the bosons occupy the lowest quantum state, at which point quantum effects become apparent on a macroscopic scale. Two methods, on-and off-resonant absorption imaging, are often experimentally chosen to image the condensate cloud. On-resonant absorption imaging is predominant, despite its limited dynamic range and recoil heating. Off-resonant phase-contrast imaging techniques allow nondestructive and quantitative imaging of BECs, but traditional approaches usually require precisely aligned phase plates or interferometers. Recently, Wen and his colleagues [93] proposed another type of lensless imaging scheme, the electromagnetically induced Talbot effect, for imaging ultracold atoms and molecules. The essential idea of this work is to utilize a strong control standing wave to modify the optical response of the medium to the weak probe field, i.e., an electromagnetically induced grating [94] . The induced nonmaterial grating thus leads to self-images of atoms and molecules in the Fresnel diffraction region.
In this section, we review recent progress on the Talbot effect in quantum optics. We pay particular attention to the original proposal of spatial second-order Talbot self-imaging with entangled photon pairs, as well as electromagnetically induced self-imaging.
Second-Order Talbot Effect in Quantum Imaging
In classical optics, the spatial distribution of a physical object is estimated through the imaging process by measuring the emitted optical radiation or by making use of an optical wave that interacts with the object, via transmission or reflection. The development of ghost imaging (GI) [95] offers an intriguing optical technique to acquire the object's transverse transmittance pattern by means of photocurrent correlation measurements. The unique features of GI are that an image of the object is reconstructed by correlating the intensities of two spatially correlated beams. One of the beams illuminates the object and is detected by a bucket detector that has no spatial resolution. The other reference beam undergoes only free-space diffraction before impinging on a scanning pinhole detector or a CCD camera with high spatial resolution. The first GI demonstration [96] explored entangled paired photons generated from spontaneous parametric down conversion (SPDC) together with photoncounting bucket and pinhole detectors more than a decade ago. Subsequent realizations with classical and especially (pseudo-)thermal-light sources triggered ongoing efforts on applying GI to remote sensing applications.
In the theoretical proposal by Luo and her coauthors [85] , they first considered the setup shown in Fig. 26(a) to study the Talbot effect in a typical quantum GI configuration. The signal and idler photons of wavelengths λ s and λ i , respectively, emitted through SPDC in a nonlinear crystal are separated into two beams. An object with periodic structure is placed in the signal arm, and the transmitted light is collected by bucket detector D s . In the idler arm the detector D i , sometimes called the reference detector, is a CCD camera or a scanning point detector, and coincidence measurements are taken. The distance from the output surface of the crystal to the object is d s1 and to the idler detector d i ; the distance between the object and detector D s is d s2 . To simplify the discussion, the degree of freedom of the light polarization will be ignored.
To show the Talbot effect in the GI configuration, we start with a brief overview of the formulation of GI with SPDC photons. From first-order perturbation theory, the biphoton state at the output surface of the crystal takes the form [95] 
where Φω s ; ω i is the spectral function resulting from the phase matching, and ω s , ω i , ⃗ k s , and ⃗ k i are the frequencies and wave vectors of the entangled signal and idler waves, respectively. The input pump field is a cw laser at frequency ω p . The detailed form of Φ is not important here for transverse correlation of the photons. The δ functions imply that the source produces a two-photon state with perfect phase matching. The state of Eq. (24) assumes that the paraxial approximation holds and the factors describing the temporal and transverse behavior of the waves are separable. The frequency correlation determines the two-photon temporal properties while the transverse momentum correlation determines the spatial properties of the pairs. It is the latter wave-vector correlation that is of prime interest in second-order Talbot imaging.
The SPDC signal and idler fields at the detectors are computed in terms of the photon annihilation operators at the output surface of the crystal:
−iω j t j g j ⃗α j ; ω j ; ⃗ρ j ; z j a ⃗α j ; ω j ; (25) where E j ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ℏω j ∕2ε 0 p , ⃗α j is the transverse wave vector, f j ω j is a narrow bandwidth filter function peaked at central frequency Ω j , and the Green's function g j ⃗α j ; ω j ; ⃗ρ j ; z j is the optical transfer function that describes the propagation of each mode of angular frequency ω j from the source to the transverse point ⃗ρ j in the plane of the jth detector, which is at a distance z j from the output surface of [85] . Copyright 2009, the American Physical Society. http://pra.aps.org/abstract/PRA/v80/i4/e043820 the crystal. The photon annihilation operator at the output surface of the source satisfies the usual commutation relation
From Glauber's quantum measurement theory, the two-photon coincidence counting rate for two point photodetectors is given by
where T is the coincidence window width, and the two-photon or biphoton amplitude Ψ is characterized by the matrix element between the vacuum state j0i and the two-photon state jψi,
Here, E j ⃗ρ j ; z j ; t j j 1; 2 is the positive frequency part of the electric field at point ⃗ρ j ; z j on the jth detector evaluated at triggering time t j , and given in Eq. (25) . Equations (24)- (28) To analyze the Talbot effect in the GI configuration, one needs to obtain the Green's functions in Eq. (25) . In the paraxial approximation with an object described by the aperture function A o ⃗ρ o , the Green's functions for the signal and idler beams are given as follows [55, 97, 98] : (24) and (25) under the assumption that ω j Ω j v j (where jv j j ≪ Ω j and Ω s Ω i ω p ), the temporal (or longitudinal) and transverse terms can be factored out so the biphoton amplitude can be represented as
where
c , and
The transverse part W ⃗ρ 1 ; ⃗ρ 2 in Eq. (32) takes the form
where all the slowly varying terms have been grouped into the constant W 0 .
Completing the integration over the transverse mode ⃗α 1 in Eq. (33) gives
Here again, all the irrelevant constants have been absorbed into W 0 .
Equation (34) is the starting point to look at the Talbot effect in the configuration of quantum imaging. To catch the essence of the effect, we restrict ourselves to 1D objects, but the extension of the analysis to 2D objects is straightforward.
Recall that the aperture function for a general 1D periodic object with the spatial period a can be expanded as a Fourier series
By plugging Eq. (35) into Eq. (34) and working in the Cartesian coordinate, Eq. (34) now becomes
The first exponential term in Eq. (36) is of basic importance to self-imaging and is the "localization" term, since it describes the phase changes of the diffraction orders along the directions of propagation. Self-imaging occurs in planes where the transmitted object light amplitudes are repeated, that is, when all diffraction orders are in phase and interference constructively. From Eq. (36) we see that this can happen at certain distances as the first term equals 1 for all n; that is,
where m is an integer and z sT 2a 2 ∕λ s . Comparing this with the well-known Gaussian thin lens equation, we can consider the self-imaging to be a counterpart phenomenon in which a sequence of lenses of focal length z sT is situated in the plane of the periodic object and produces images of the source. The distance z sT may be regarded as the primary Talbot length for second-order correlation quantum imaging. The factor 2 in Eq. (37) is inconsequential and may be omitted. Thus in the cases where m is an odd integer, there will be self-images with a lateral shift of half a period relative to the object, due to the π phase shift of odd-number diffraction orders relative to the zero and even-number orders.
In the self-image planes Eq. (36) reduces to
which carries information about the lateral magnification M of the imaging patterns arising as a result of the nonlocal correlation between entangled photons. Figure 27 shows the numerically computed second-order correlation pattern obtained by scanning the idler detector D i along the longitudinal z and transverse x directions while keeping the signal detector D s fixed at position d s2 and x 1 0, the distance d s1 from the crystal to the periodic object also being fixed. We see that a typical Talbot carpet pattern is created. In the simulation, it was assumed that both idler and signal photons were generated by SPDC at the wavelength λ s λ i λ 883.2 nm when light from a 441.6 nm pump laser beam was incident on a nonlinear crystal, and the periodic object was a 1D rectangular grating with a 0.1 nm.
The theoretical predictions of Eqs. (37) and (38) were experimentally confirmed by Wang's group in 2010 [92] . Their experimental setup is shown at the top of Fig. 28 , where a 5 mm × 5 mm × 3 mm beta-barium-borate (BBO) crystal was cut for Type I phase matching. The crystal was pumped by the second harmonic of a Ti:sapphire femtosecond laser with center wavelength at 400 nm, beam diameter 3 mm, and repetition rate 76 MHz. The downconverted signal and idler photons were spectrally filtered by an interference filter of 10 nm bandwidth centered at 800 nm. The time window of 4 ns was chosen for coincidence counts. The imaged grating was fabricated with period 400 μm and slit width 180 μm. These parameters defined the Talbot length as z T 40 cm. By fixing Detector 1, scanning Detector 2 in its transverse plane yielded the self-image of the [85] . Copyright 2009, the American Physical Society. http://pra.aps.org/abstract/ PRA/v80/i4/e043820 grating in the two-photon joint detections. In such a case, the periodic structure can be enlarged by a magnification of 1 z s1 z i ∕z s2 . If one imagines Detector 2 to be a source that emits a ray to the grating after reflection off the crystal, the present scheme is comparable with the previous one. The experimental results given in Figs. 28(a)-28(c) were made for three different diffraction lengths. It is readily seen that, in all three cases, the magnification is 2, while the image period is 400 μm in Fig. 28(a) and 800 μm in Figs. 28(b) and 28(c) . The experimental data (open circles) basically agree with the theoretical curves (solid lines), thus verifying the correctness of the above theoretical analysis on the second-order Talbot effect with entangled light. In the experiment, the coincidence counts were a few hundred in 20 s. The single counts in either the signal detector or the idler detector were about 10 times higher than the coincidences within the same detecting time window.
The extension of the second-order Talbot effect with incoherent light was soon performed independently and simultaneously by Wu's group [90] and Wang's group [91] . By replacing the entangled photon source with pseudo-thermal light, the two groups experimentally demonstrated the Talbot self-imaging in a thermal GI setup. These studies further confirm the common belief in the GI community that thermal light can be used to mimic certain features of quantum light sources. Indeed, besides the low-visibility, second-order Talbot 
Second-Order Talbot Effect in Quantum Lithography
In the proof-of-principle quantum lithography experiment [99] , the spatial resolution improvement by a factor of 2 over classical optics was achieved by letting downconverted SPDC photons simultaneously pass through the same slit. This prompts a question about whether there is any difference in the Talbot self-imaging effect; see Fig. 26(b) . Such a question was answered theoretically in [85, 86] and experimentally in [92] . They found that for the Talbot effect, there is no gain in spatial resolution but the Talbot length is enlarged twice. This can be shown as follows. As shown in Fig. 26(b) , the periodic object was placed right behind the SPDC source, and the source produced degenerate signal and idler photon pairs. The distance between the object and the detectors was d 0 . The Green's function for both signal j 1 and idler j 2 photons now has the form of
The transverse part of the two-photon amplitude (32) then becomes
Substituting Eq. (35) into Eq. (40) gives
with the new coefficient c 0 n P ∞ l−∞ c l c n−l . Thus, the condition for revival patterns of the periodic structure to occur (in which the diffraction orders have equal phases) is
and reduces Eq. (41) to a simple form
From Eq. (42) we see that, for a source of the same wavelength, the primary second-order Talbot length z sT 4a 2 ∕λ is twice the classical Talbot length, which coincides with the conclusions drawn by Ooi and Lan [87] and Song et al. [92] . As we can see from Eq. (43), when one of the detectors is fixed and the other scanned, there is a magnification factor of 2. When both detectors are moved synchronously, however, the image period is reduced by a factor of 2. Thus, the two factors cancel each other in the configuration of quantum lithography and lead to no net improvement in the spatial resolution. This is in contrast to the original proposal for quantum lithography [100] and the proof-of-principle experiment for two-photon diffraction and quantum lithography [97] , where the object was nonperiodic.
By applying the same parameters as in Fig. 27, Fig. 29(a) shows the secondorder interference pattern obtained by scanning both detectors along the z direction in the region of d 0 0 5.7 cm while fixing the transverse position of one detector (D s or D i ) at x 1 0 (or x 2 0) and scanning the other detector in its transverse direction. In such a case, there is a magnification factor of 2, as evidenced in Fig. 29(a) . When both detectors are moved synchronously along the transverse direction, the period of the image is halved; that is, the longitudinal resolution is enhanced by a factor of 2. Thus the two factors cancel each other and result in no spatial resolving power enhancement; see Fig. 29(b) .
The experiment performed by Song and his colleagues [92] verified the theoretical predictions of Eqs. (42) and (43) . Their experimental setup is sketched at the top of Fig. 30 . The 400 nm pulsed beam was used to pump a 5 mm × 5 mm × 2 mm Type II BBO crystal to generate collinear orthogonally polarized photon pairs. The grating was placed immediately after the crystal. The slit, polarizing beam splitter, and coincidence circuit work together as a two-photon absorber. For convenience, instead of moving the two detectors, in the experiment they rotated the mirror M to "scan" the diffraction pattern across the detector surfaces. The coincidence time window was set to about 2 ns. The grating was chosen with period of 300 μm and slit width of 120 μm, corresponding to a classical Talbot length of z T 22.5 cm for light wavelength at λ 800 nm. In three different cases where z c1 z c2 z sT ∕4; z sT ∕2; z sT , the observed self-imaging patterns are shown in the left parts of Figs 
Electromagnetically Induced Talbot Effect
Optical imaging offers a powerful diagnostic methodology for a variety of experiments involving ultracold atoms and molecules, i.e., BECs. Besides the on-/off-resonant absorption imaging, other imaging techniques, such as dark-ground imaging, in situ imaging, and time-of-flight imaging, have also been proposed and demonstrated to form BEC images.
In 2011 a new imaging technique, namely, the electromagnetically induced Talbot effect [93] , was theoretically proposed for imaging ultracold atoms and molecules. Figure 31 illustrates a medium of length L consisting of an ensemble of closed three-level atoms (or molecules) in the Λ configuration, with two metastable lower states. Two ground states jbi and jci are coupled to the excited state jai via a strong control field of angular frequency ω c near resonance on the jci → jai transition with a detuning Δ c ω c − ω ac , and a weak probe field of angular frequency ω p close to resonance on the jbi → jai transition with a detuning Δ p ω p − ω ab . The control light consists of two strong fields [92] . Copyright 2011, the American Physical Society. http:// prl.aps.org/abstract/PRL/v107/i3/e033902 that are symmetrically displaced with respect to z and whose intersection generates a standing wave within the medium; see Fig. 31 (b) and the snapshot Fig. 31(c) . The two cw control fields share the same Rabi frequency Ω c , and all the population is initially distributed in the ground state jbi.
By solving the atomic dynamics, the linear susceptibility of the system at the probe frequency is χ N jμj 
where N is the atomic density, Δ 2 Δ p − Δ c is the two-photon detuning, a is the spatial period of the standing wave along the x direction perpendicular to the propagation direction z, and γ a and γ bc are the decay rate of jai and dephasing rate between jbi and jci, respectively. Here a can be made arbitrarily larger than the wavelength λ p of the probe field by varying the angle between the two wave vectors of two control beams. The propagation dynamics of the probe field within the cloud obeys the Maxwell's equation and its transmitted amplitude at the output surface is E p x; L E p x; 0e
where the linear susceptibility expressed in Eq. (40) is decomposed into its real and imaginary parts χ χ 0 iχ 00 , and E p x; 0 is the input probe-field profile. Because of the periodicity exhibited in Eq. (44), the output field in Eq. (45) may be recast into Fourier series. That is, 
With the substitution of Eq. (46) into Eq. (3), it is not difficult to show that the diffracted field at a distance z T from the output surface of the medium can repeat itself. Alternatively, the conventional Talbot effect is recovered in the current atomic system. The in situ images of degenerate clouds of BEC can be obtained by analyzing the intensity patterns of the output probe field, in particular, their peak and valley intensities. In comparison with the on-/off-resonant absorption imaging techniques, the current scheme does not destroy the condensate atoms since it only heats the condensate atoms with a small percentage by adjusting the probe detuning. We remark here that the scheme is only in its theoretical infancy. Further theoretical and experimental investigations are necessary to turn the idea into practice.
The effect described here is capable of lensless imaging and may reduce the influence from vibrations in the experiment. Thus, it could be useful for imaging BEC on a chip and an optical lattice. In practice, the imaging quality may be affected by the finite dimensions of the standing wave and the size of the input probe field. For visible light, the Talbot length here is estimated to be several tens of millimeters. To simplify the observation, a secondary imaging process would thus be necessary to magnify the self-images as implemented in [79] . Moreover, by manipulating the input fields, the induced Talbot effect may find applications in nonlinear parametric conversions, in which the modulated optical responses could enhance the nonlinearities under some conditions. It would also be interesting to apply this technique to investigate the dynamics of the formation, decay, and collapse of the condensates.
Summary
The Talbot self-imaging phenomenon has captured the attention and interest of people from a variety of research areas since its first demonstration with white light nearly 180 years ago. Its simplicity and beauty have undoubtedly created extensive theoretical and experimental studies. After centuries of effort, it seems to us at this moment that the principles of optical systems using one or more periodic structures performing under various coherence conditions of illuminating radiation are fairly well understood. The extension of the phenomenon to other research fields, such as cold atoms/molecules, waveguides, and x ray not only enriches the scope of theoretical analysis but also opens doors for a variety of potential applications. Despite the rapid progress made in recent years, it is believed that many significant works are yet to appear. The interdisciplinary research will lead to discoveries within the broad class of selfimaging. From this point of view, our paper is just a starting point for future research on the phenomenon. We will not be surprised as new observations on self-imaging continue to appear. 
